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PRE-EQUILIBRIUM PROCESSES IN NUCLEAR REACTIONS: INTERCOMPARISON OF
THEORIES AND CODES

P.E. Hodgson

Nuclear Physics Laboratory, Oxford, U.K.

Abstract: The present status of the theories and the associated computer codes that are used
to calculate the cross-sections of pre-equilibrium processes in nuclear reactions is reviewed. The
principal theories used at the present time are the varieties of exciton models and the quantum-
mechanical theories. The codes used to calculate the direct interaction and compound nucleus

cross-sections are also mentioned.

1. Introduction

In recent years there have been many studies of multi-
step processes in nuclear reactions partly because of their
importance for a full understanding of the reaction mech-
anism and partly for their application to fusion reactor
design. It is now clear that multistep processes make
large contributions to the cross-sections of the reactions
of 14 MeV neutrons that take place when the neutrons
from the d — ¢ fusion reaction enter the surrounding ma-
terial. It is necessary to choose this material to minimise
the production of unwanted radio-activity and to main-
tain its structural rigidity in spite of the intense neutron
bombardment to which it is subjected. This latter re-
quirement implies the minimisation of proton and alpha-
particle emitting reactions, since these can ultimately give
rise to bubbles of hydrogen and helium that weaken the
material. Although many of the required cross-sections
have been measured, and these measurements are indeed
essential to test theories of nuclear reactions, it is not pos-
sible to measure all the cross-sections that are required by
reactor designers. Very many cross-sections are required,
and it would be exceedingly costly and laborious to mea-
sure them all. Furthermore, the reaction flux is so intense
that secondary and even tertiary reactions can occur with
unstable nuclei resulting from the primary interactions,
and these are impossible to measure. What is therefore
required is a fast yet sufficiently accurate way of calculat-
ing the needed cross-sections, and this in turn can only
come from a thorough understanding of the mechanism
of the reactions.

The theory of nuclear reactions has developed over
the last sixty years, and now it is possible to describe them
in some detail. In this review we are primarily concerned
with the interactions of nucleons from about 10 to 100
MeV. Proton reactions are included as well as neutron
reactions because it is often easier to obtain their cross-
sections experimentally and the resulting data is valuable
to test the accuracy of reaction theories and to determine
the values of their parameters.

Nuclear reactions take place in a series of stages cor-
responding to the successive interactions of the incident
particle with the nucleons of the target nucleus. At each
stage energy may be given to the target nucleons, un-
til ultimately the energy of the projectiles is shared sta-
tistically among them. The first stage in this process
takes place in a time similar to the transit time, gen-
erally around 10722 to 10~%%s. When the incident energy
is distributed among the target nucleons an excited com-
pound system is formed which can subsequently decay
by particle emission, followed by gamma emission, until

it reaches a ground state. The decay of the compound
nucleus takes place over a much longer time-scale, typ-
ically about 107'%s. For many years it was considered
sufficient to divide the nuclear reaction process into these
two stages, the direct stage and the compound nucleus
stage. The cross-sections of the direct processes can be
calculated by direct interaction theories and those of the
compound nucleus reactions by the Weisskopf-Ewing or
Hauser-Feshbach theories, and then added to obtain the
complete cross-section.

Many studies have now shown that this division into
two stages is inadequate; there is definite evidence that
particles can be emitted after the first direct interaction
but long before the attainment of statistical equilibrium;
they are referred to as the pre-equilibrium particles.

This evidence came in many forms. Principally it
proved impossible to fit some of the measured energy and
angular distributions of the emitted particles by a com-
bination of direct interaction and compound nucleus the-
ories. Some cross-sections were found, for example, that
are symmetric about 90°, attesting to their compound
nature, and yet they contained far more energetic parti-
cles than could be accounted for by statistical emission
from a fully equilibrated nucleus. Conclusive evidence for
pre-equilibrium emission was provided by analyses of the
fluctuations of excitation functions, which provided esti-
mates of the lifetimes of the intermediate states.

The first models of pre-equilibrium emission were
semi-classical in nature, and provided a simple means
of calculating the energy distributions of the emerging
particles, using parametrised expressions for the interac-
tion matrix elements. Subsequently these models were ex-
tended to give the angular distribution as well. In more
recent years fully quantum-mechanical theories have been
developed that provide, at least in principle, a parameter-
free method of calculating the required cross-sections.

In this review, the essentials of the exciton model and
quantum mechanical theories are summarised in sections
2 and 3, and some computer programs that are being used
for practical calculations are discussed in section 4. Par-
ticular attention is paid to the problems of assessing their
reliability and usefulness, not only for analysing measured
cross-sections but also for predicting unknown ones. It is
not of course possible to give here a full account of the for-
malism of these theories, so frequent reference is made to
the original publications where this may be found. Some
conclusions are given in section 5.
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2. The Semi-Classical Models.

Since the basic work of Griffin in 1966, a variety of
different pre-equilibrium models has been developed; see
reviews by Blann 1975; Gadioli et al 1976, 1980; Bunakov
19782. The most widely used models are the intranuclear
cascade model (INC), the Harp-Miller-Berne’ (HMB)
model and, particularly, the exciton (EM) and the
geometry- dependent hybrid (GDH) models.

A classical approach to precompound decay is pro-
vided by the INC-model (Chen et al 1968; Bertini et al
1974)*. The trajectories of the particles inside the nu-
cleus are followed in coordinate space by means of Monte-
Carlo methods. The numerical simulation of the scatter-
ing process is based on experimental free nucleon-nucleon
scattering cross-sections and angular distributions. Up to
1975 the INC-model was the only pre-equilibrium model
able to predict angular distributions of emitted particles.
However, the emission into the backward hemisphere is
underestimated by several orders of magnitude.

In the HMB-model (Harp, Miller and Berne, 1968)°
the energy scale is divided in bins and the average number
of occupied single-particle levels in each bin is computed,
usually in the framework of the Fermi-gas model. The
occupation of nucleons in each bin changes in time due to
the intranuclear collisions. The evolution of this excited
nuclear Fermi gas is followed through numerical compu-
tation of the relative occupation of each bin as a func-
tion of time by solving a set of coupled differential equa-
tions (Boltzmann-like transport equations). The transi-
tion rates are obtained from experimental free nucleon-
nucleon scattering cross-sections. In contrast to the INC-
model, this model permits a quantum-statistical treat-
ment, although in practice the transition rates are com-
puted in a classical manner. However, it cannot predict
angular distributions. Another practical disadvantage of
the HMB-model is its computational complexity. To over-
come this difficulty, additional assumptions have to be
introduced. This is done in the exciton and hybrid mod-
els, which have become the most popular pre-equilibrium
models for applications in nuclear data evaluation.

The EM- and GDH-models, originating from the work
of Griffin!, are closely related. In these models the nuclear
state is characterized by the excitation energy E and the
total number n of particles p above and holes h below the
Fermi surface. Furthermore, in the EM it is assumed that
all possible ways of sharing the excitation energy between
different particle-hole configurations with the same exci-
ton number n have equal a-priori probability. Instead
of tracing the evolution of the occupation of each energy
bin, as in the HMB-model, one merely traces the tempo-
ral development of the exciton number n, which changes
in time as a result of intranuclear collisions. This assump-
tion makes pre-equilibrium theory amenable for practical
calculations. The price to be paid is the introduction of
an assumption of a-priori equal probabilities, so that for
the transition rates some effective average is taken over
all possible configurations of the nucleus. The average
transition-matrix element is parametrized as a function
of energy and mass.

In the hybrid model an attempt is made to retain
some more elements from the HMB-model, e.g. by re-
lating the internal transition rates to the free nucleon-
nucleon scattering cross-section, using the concept of mean
free path in nuclear matter. A further refinement has been

made in the geometry-dependent hybrid model (GDH) by
taking into account the variation of nuclear density at the
nuclear surface (Blann?).

2.1 Spin-independent exciton model
In EM the differential cross section is denoted by

Eji%(a, b) = 0gq Z Wb(n’ e)T(n)’ (2'1)

n
An=2

where o, is the composite-formation cross-section, Wy is
the emission rate and 7 is the mean life time. The sum-
mation is performed over all possible exciton states n,
starting with the initial number ng equal to 3 for nucleon-
induced reactions. Thé emission rate of particle b is cal-
culated from

w(p — Db, ha U)

Wilme) = w(p, b, E)

Q@s(n),

2.2
where sy, up, oY are the spin, reduced mass and invserse?
reaction cross- sectlon referring to particle b, respectively.
The state density w is calculated from the well-known
Williams® formula with or without pairing and other cor-
rections. In eq.(2.2) py denotes the number of nucleons in
particle b, U is the residual energy, F is the initial energy
and Q;(n) is a factor (Cline®) enhancing the emission of
ejectiles of type a at the lowest exciton numbers so as to
account for the “memory of the projectile by the nucleus”
in the first stages of the reaction; Q4(n) — 1 for large val-
ues of n (Kalbach™). The mean lifetime of exciton state
n follows from the time-integrated master equation:

+ 171')
2h3 Hseay”*(e)

lnv

~go(n) = AT (n—-2)r(n—2)+ A" (n+2)7(n+2)
= [Wi(n) + A¥(n) + A~ (n)]7(n),

(2.3)
where gg(n) is the initial exciton distribution, taken as
6nn, for first emission, A* are the internal transition rates
and Wi(n) is the total emission rate obtained by integrat-
ing Wy(n, €) over all outgoing energies and summing over
all outgoing particles. For the internal transition rates
the simplest expressions are (Williams®):

M(n) = LM ¢*E?/(n +1), (2.4a)

A7 (n) = 7 < M?* > gph(n —2), (2.4b)

where < M? > is an average residual matrix element,
that is often parametrized as follows (Kalbach?):
<M?>=CA4A%E~L (2.5)
In practice more complicated expressions and para-
metrizations (Kalbach®) are sometimes used. It is also
possible to relate < M? > to the nucleon-nucleon mean
free path in nuclear matter. One of the most fundamental
questions of EM is whether all relevant internal transitions
can be written in the form of an expression like (2.4), by
averaging over all possible configurations of the nucleus.
In the STAPRE program (Strohmaier and Uhl!?) a
random-walk equation (Akkermans and Gruppelaar!!) is
followed rather than eq.(2.3). Under plausible assump-
tions this is mathematically equivalent to the master-
equation approach (Akkermans!?). Both approaches also
comprise the equilibrium or evaporative stage of the re-
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action. The EM is basically an exclusive model, but it
may be extended (like the Hauser-Feshbach model) to
multi-particle emission. In multi-particle emission pre-
compound effects in secondary emission are only impor-
tant at energies above about 25 MeV (Akkermans and
Gruppelaar!!). Similar equations apply, assuming that in
(2.3) the initial distribution is calculated from the previ-
ous stage.

The neutron spectra from the %3Nb(n,n') reaction
at 7,9 12.3 and 14.6 MeV have been analysed using the
program STAPRE by Mittag et al'®>. They found that
the single-particle exciton model is not able to account for
the higher-energy emitted particles over the whole range
of incident energies, and that it is necessary to include a
collective excitation component that can be evaluated by
direct reaction theory.

2.2 Spin-dependent exciton model

In Hauser-Feshbach codes (HF) the summation in
€q.(2.1) is usually limited to the equilibrium exciton num-
ber i and A~ is set equal to zero in eq.(2.3). This “never-
come-back” approximation leads to the closed-form ex-
pression:

doPrea At (m)
o (a,b) =0, n;o We(n, €) ) ml;L A(m
An=2 Am:g

(2.6)
where the product represents the “depletion” factor D,
namely the fraction of nuclei that have not yet emitted
a particle and where A(n) = Wy(n) + AT (n) is the total
escape rate. In modified HF codes the following substitu-
tion is made:

Z_‘:(a’ b) — {1 fpreq} (a )+ doPreq

(a,), (2.7)

with fP'® equal to the preequilibrium fraction, defined
by the ratio of (2.6) to (2.1).

The main advantage of (2.7) is that in the equilibrium
part the spin- and parity-selection rules are still obeyed.
For further (multi-particle) emission the spin-parity pop-
ulation of the preequilibrium part is usually taken from
the equilibrium model.

In recent work it has been attempted to include spin
and parity?*!® in (2.1-2.4). Formally this “unified” or
“consistent” model can be represented by:

zii_:(a, b=0a) > W (ner’*(n)

Jr n

(2.8a)

or
do
d—(a, b) =04 Zqo'(n )
€ T

where 77 is the solution of a master equation like (2.3)
with all quantities indexed by the spin J and panty  of
the composite state and with initial condition q0 *(ng) =

oI /o,

% /At equ111br1um eq.(2. 8) coincides with the HF expres-
sion. The main problem is to calculate 7 I w1thout a
sound knowledge of the spin-dependence of /\_,_ There-
fore, approximate solutions have been suggested by as-
suming in (2.8b):

En WbJT](n’ 6)7-‘],r (n) , (28b)
YA Wi (n)r 7 (n)

(n) = s (n)7(n), (2.9)

T

with s7* independent of n (Gruppelaar'®%) or propor-
tional to the n-dependent spin distribution of the level
density (in the TNG code of Fu!?). In PERINNI (Sect.4)
s/ as well as the spin distribution of the level density
are assumed to be independent of n, which is rather too
simple. The use of eq.(2.8) leads to different composite-
particle emission cross-sections (Bisplinghoff!7) and to dif-
ferent spin-populations compared to eq.(2.7), of impor-
tance in multi-particle emission. There are indications
that the constant spin-parity population assumption is
most realistic (Gruppelaar!®).

2.3 Angular distributions

At high values of n(> i) the random-phase approxi-
mation holds (Plyuiko!®); on the other hand, completely
correlated phases are expected at the initial n = 0 stage
(Fu'®). By introducing an n-dependent factor, indicat-
ing the fraction of the angular-distribution calculated ac-
cording to the fully-correlated phases, Ful® was able to
obtain satisfactory fits to angular distributions of inelas-
tically scattered neutrons at £ = 14 MeV (“generalized
HF-theory”). Earlier, Plyuiko!® has adopted the random-
phase approximation at all values of n.

The most important contribution to the precompound
angular distribution in inelastic neutron-scattering comes
from the ny = 3 component, that corresponds at suffi-
ciently high incident energies to a single collision. This
offers the possibility of calculating the angular distribu-
tion in a rigorous way for particles emitted after just one
collision, using the Kikuchi-Kawai (KK) expression®® for
scattering in nuclear matter (Costa et al?!, Blann et al??).
Representing the double-differential cross-section by:

d2§e(;£2b) =0a Xn: We(n, €)7(n) ; 2L+ lfe(n)Pz(cos 6),
(2.10)

it is found (Costa et al?!) that:
f1(3) :é'l(E7€)a (211)

where £, is the reduced Legendre coefficient of the KK
angular distribution. For higher values of n the energy in-
formation of particles is no longer available in the exciton
model. Therefore an energy-averaged KK-kernel (Ziyang
et al?®) has been suggested by Costa et al?! to calculate
the Legendre coefficients at higher values of n. This is
possible with the “generalized exciton model” of Mant-
zouranis et al?4, e.g. in the mathematical formulation
of Akkermans®®. An extension of this model has been
made by Iwamoto and Harada?®. Effects of refraction are
important at low incident and outgoing energies (Grup-
pelaar and Akkermans®”). A classical estimate of these
effects has been made by Costa et al?!. Finite-size ef-
fects are accounted for by truncating the angular distri-
bution. The results agree with the systematics of Kalbach
and Mann?®. Further refinements are possible by account-
ing for a ﬁmte nuclear temperature rather than the zero-
temperature Fermi distributions used by KK (De et al??).

Extensive calculations of neutron reaction cross sec-
tions in the energy range 20-100 MeV have been made
by the Los Alamos group®® using the one-component ex-
citon model of Kalbach3!. In this model the excitation
energy available to a hole is limited by the assumption of
a shallower depth of the nuclear potential near the nucler
surface, and holes with excitation energies exceeding the
effective well depth are excluded from the normally calcu-
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lated state densities. Correction for this effect increases
the cross-section for the emission of the more energetic
particles by more than a factor of two, significantly im-
proving the agreement with the experimental data. They
also included in their calculations the possibility that af-
ter pre-equilibrium particle emission the residual nucleus
still has enough energy to emit further pre-equilibrium
particles®?, and found that it had rather a small effect at
90 MeV but a much more important effect at 200 MeV.

2.4 Geometry-dependent hybrid models
Next, we give some expressions for the hybrid and
GDH-models originating from the work of Blann?. The
hybrid-model cross-section is calculated from the expres-
sion:
do.preq
de

(a,b) = oo Py(€) =
Ac(e) (2.12)
Na(E) Ac(e) + 24(e) 7

n=ng
An=2

which closely resembles (2.6) after substitution of (2.2).
However, the meaning of the various quantities is some-
what different, partly because of different bookkeeping;
see Blann and Vonach®? for the exact definitions. Dis-
cussion of EM/(GD)H bookkeeping differences has been
given by Gadioli et al**, Blann®, Akkermans®® and
Bisplinghoff!”. One important difference is that the tran-
sition rate Ay(e) is a function of e referring to the in-
dividual particle rather than to the nuclear system as
a whole as in EM. Thus, one may say that (GD)H is
an independent-particle model whereas EM represents a
systems approach. Bisplinghoff'” states that in addition
EM assumes complete particle-hole configuration mixing
within exciton classes, while (GD)H assumes no config-
uration mixing at all. The quantity A;(e) is evaluated
(Blann?) from the relation

aio =22 g,

where V is the real potential and f(e) is the mean free
path in nuclear matter:

fly=1/p<o >,

(2.13a)

(2.13b)

in which p is the density of nuclear matter and < ¢ >
is the average effective KK cross-section for a nucleon-
nucleon interaction in nuclear matter (Kikuchi and
Kawai?®). Unfortunately, the results from (2.12, 2.13)
are only satisfactory when f(¢) is multiplied with a factor
of about 2. This situation is improved when the GDH
version is used:

doPred

= (2.14)

(a,b) = 7x% Y (20 + 1)TuPy(¢, €),
£

where Py(l,€) is defined (Blann and Vonach?®) similar to
(2.12-2.13), with however, £-dependent quantities. In this
way longer mean free paths are used for nucleons in the
diffuse surface region, parametrized by the impact param-
eter £. Another result of applying (2.14) is more emission
at high values of €, where the EM yields much lower cross
sections. Attractive points of the GDH model are: no
parameter adjustment needed and good predictions in a
large mass and energy range.

The geometry-dependent hybrid model has been used
by Ivascu et al37 to calculate the (n, p), (n, ) and (n, 2n)
excitation functions and also the neutron, proton and
alpha-particle emission spectra at 14 MeV neutron en-
ergy from isotopes of Fe, Cr and Ni. The model included
angular momentum and parity conservation, and gave a
good account of the experimental data (see Fig.1).

The unification of pre-equilibrium models has recently
been discussed by Gruppelaar and Akkermans®®, with
special reference to the incorporation of angular momen-
tum conservation and to their microscopic foundations.
They show that it is possible to derive a master equation
that includes angular momentum conservation, and em-
bodies the Hauser-Feshbach and exciton models as lim-
iting cases. This theory is suitable for practical appli-
cations and can be extended to give the cross-sections

T T T T T T T T T T T T T T

“Fe(n,p)“Hn

G(mb)

En‘(zMeV)
Fig.l. Total cross-section for the reaction **Fe(n, p)**Mn
as a function of neutron energy compared with geometry-

dependent hybrid model calculations, including angular

momentum and parity conservation (Ivascu et af*").

for the excitation of discrete states whose structure is
known. It is closely related to the theory of Agassi, Wei-
denmiiller and Mantzouranis®® and unifies the Hauser-
Feshbach, Weisskopf-Ewing and exciton models. They
also discuss in some detail the extension of the master
equation model to calculate angular distributions. This
is quite straightforward for the multistep compound com-
ponent, since this is symmetric and can be obtained by
generalising the Hauser-Feshbach theory (Plyuiko!®). It
is more difficult to calculate the angular distribution for
the multistep direct contribution. It is possible to in-
sert the leading particle approach?!:2%:26:4% into the spin-
dependent master equation, but this has the defects of
a semi-classical treatment and is difficult to justify mi-
croscopically. Another method is that of Fu, who intro-
duces a phenomenological weighting function to connect
the phases of the states in the different stages of the ex-
citation chain®®.

3. The Quantum Mechanical Theories

Quantum-mechanical theories of pre-equilibrium re-
actions have been formulated by Feshbach, Kerman and
Koonin*! (see also Feshbach??) and by Tamura et al*®
and applied to analyse experimental data (Avaldi et al**;
Bonetti et al*3%7; Hodgson and Chadwick*®; Herman et
al®).
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The Feshbach-Kerman-Koonin Theory

The basic physical picture underlying the quantum-
mechanical multistep theory is the same as for the exci-
ton model. It is assumed that the interaction between
the incident nucleon and the target nucleus takes place
in a number of stages of increasing complexity. To eval-
uate the probability of emission after the first stage but
before the attainment of statistical equilibrium it is nec-
essary to consider the mechanism of nuclear excitation
in detail. The nucleus is excited by a series of nucleon-
nucleon collisions between the projectile and the target
nucleons. These take place in stages, or doorway states
of increasing complexity beginning with the projectile in
the continuum. The first interaction creates a particle-
hole pair, giving a 2-particle 1-hole (2plh) state. There
are a large number of possible 2plh states. Subsequent
interactions create additional particle-hole pairs, giving
3p2h states and once again there are very many 3p-2h
states for each 2plh state. This process continues until
the excitation is spread through the nucleus to produce a
fully-equilibrated nucleus which then decays statistically.

At each stage it is useful to consider separately the
states with at least one particle in the continuum and the
states with all particles bound; these states may be for-
mally described by the projections P and ) acting on the
total waveform ¥, with P 4+ @ = 1. The set of states P¥
contribute to the multistep direct process and the comple-
mentary set of states Q¥ to the multistep compound pro-
cess. These states are shown in Figure2, with the arrows
indicating transitions from one configuration to another.
If only two-body interactions are present these transitions
can only take place between neighbouring stages; this is
the chaining hypothesis.

At each stage there are three possibilities: excita-
tion of an additional particle-hole pair, de-excitation of a
particle-hole pair and emission into the continuum. The
transition matrix for the de-excitation of a particle-hole
pair is the same as the corresponding matrix for its exci-
tation, but because the density of final states is so much
greater for the states with more particle-hole pairs the
probability of excitation of an additional particle-hole pair
is much greater than that of de-excitation. Thus transi-
tions to states of greater complexity are much more prob-
able than transitions to states of lesser complexity. It is
therefore good approximation to neglect the transitions
going to states of lower exciton number; this is the never-
come-back assumption.

I B () e Y e [ wu Y

. .

.

D)

B Y,
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[ 2z ]| - Haa2d
Fig.2 Multi-step description of a nuclear reaction.

The pre-equilibrium emission can take place directly
at each stage from the P-chain, or indirectly from the Q
chain. In the latter case the emission process goes through
states in the P-chain; this can happen in three different
ways as shown in Fig. 2, . The more energetic particles
come from the early stages of the chain and the less ener-
getic from the later stages.

The time structure of the interactions is more com-
plicated. The multistep direct reactions take place down
the P-chain, and these direct processes take place rapidly.

The transitions down the Q-chain, on the other hand,
take place much more slowly, and indeed a state of quasi-
equilibrium is attained at each stage so that the emission
is compound in character with a symmetric angular dis-
tribution. A large number of individual interactions take
place at each stage, but nearly all of them leave the num-
ber of particles and holes unchanged. It is only very occa-
sionally that a collision results in a transition to a state of
greater complexity or to the P-chain and hence to the con-
tinuum. To obtain the emission probabilities only these
escape probabilities need be calculated, together with the
probabilities for exciting a further particle-hole pair. The
vastly greater number of interactions taking place within
each stage in the @-chain without changing the exciton
number are only important for their role in ensuring sta-
tistical equilibrium at each stage.

The relative reaction fluxes passing down the P and
@ chains depends strongly on the incident energy. At low
energies the (J-chain interactions dominate, giving sym-
metric multistep compound angular distributions. As the
energy increases the P chain interactions become increas-
ingly important until finally they are responsible for al-
most all the cross-section giving forward-peaked multistep
direct angular distributions. The transitions between the
P and @ chains are small and average out, so that the
contributions of the P and @ chains can be evaluated
separately, and their sum compared with experiment.

The Multistep Compound Theory.

To describe the multistep compound process mathe-
matically, let 'Y be the damping width corresponding to
the transition from the n'® to the n + 1'! state, and I}
the escape width for the transition from the nt* state into
the continuum. The total width for the decay of the nth
state is therefore

I,=TL+T] (3.1)

The total probability for emission into the continuum
from the ntP state is then the product of three factors for
each value of the total angular momentum J:

(a) the probability of formation of the compound system,
which is given by the optical model expression

2r < T4 >

eJ 2 £J

og = TN ————— 3.2

o <Dys > (3.2)
where the last factor is the strength function.

(b) the probability of the system arriving to the N
stage without particle emission. This is given by
the product of the probabilities of surviving the m'h
stage,

v <t
m=1 b < ij >

m=1

(3.3)

where < I‘,ln ; > is the damping width for the tran-
sition to a stage of higher exciton number and

< T'ms > is the total width.

the probability that a particle will be emitted into
the continuum from the N'® stage. This is given by
a sum over all possible emission processes divided by
the sum over all processes. Emission can take place
in three ways, so the emission probability is given by
the sum of products of emission widths I‘IT:’J"(U ) and
the level densities pY(U) of the final states of the
residual nucleus at excitation energy U. This gives

(c

~—
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the factor ,
(TR @) @)

3.4
<TnJs> (3:4)

Collecting these factors together gives for the double
differential cross-section for pre-equilibrium emission by
the multistep compound process

r

d20 A
g = mA? 2;(2.] +1) [Z Z Ci, sPa(cos 9)

N=1IsAv

< 3 SINT (0N (U) >J y

3.5
<I'nyy> ( )

y I‘ﬁ1<r£nj> o0 <TPy >
<Tms> < Dyjy>

m=1

All the factors in the above expressions are calcu-
lated quantum-mechanically or, as in the case of the level
density function, obtained from the known systematics of
nuclear properties. The measured cross-section for the
formation of the compound nucleus is used, and if it is
not available it can be obtained from the optical model.

The particle-hole level densities are calculated us-
ing Fricson’s expression based on the equidistant spacing
model, with an additional factor giving the spin distribu-
tion

pY(E) = pn(E)SY = pa(E)ST (3.6)
where n = 2N + 1 and
pu(B) =TI (3.7)

in which ¢ is the total single-particle density and p, & the
numbers of particles and holes (n = p + h).
The spin-dependent factor S7% is given by
2J +1 (J+3)°
no 2T exp |2l 3.8
Sy V7 n3/2g3 xp [ no? (3.8)
The spin cut-off parameter o2 is related to the nu-
clear temperature 7 by the expression

o =2Cr (3.9)
where C ~ A?2/3/90 (MeV~!) and
E=ar?—r1 (3.10)

and a = 72g/6.

Each of the widths corresponding to the three emis-
sion processes may be expressed as a product of three
factors, the first depending on the level densities, the sec-
ond on angular momentum coupling and the third on the
wavefunctions of the interacting particles:

<TRFW)PU) >= XEHU) AL U)K U).  (3.11)

The full expressions for the first two of these functions are
given by FKK and the third is

Am 3 L ~ i o\ )U;e\T U3\ T)AT T
00) =V (73 g [ ity ); ;2)

where V; is the strength of the residual two-body interac-
tion and the radial wave functions u;,(r) and uj,(r) refer
to the bound particles before the interaction, uj3(r) to
the bound particle after the interaction and uje(r) to the
particle emitted into the continuum.

At lower energies where there are few contributing
channels it is possible to fix the strength of the effective
interaction V, directly and accurately by normalising the
sum of the cross-sections in all the reaction channels to the
total reaction cross-section op obtained from the optical
model potential or from experiment. Thus at a particular
energy

2 VEH(E) +3_0,(E) = or (3.13)

where ¢, j label the reaction channels. Vi f;( E) is the total
reaction cross-section in the i** channel and o;(E) that
in the j** channel. In this expression the cross-sections
in the first ¢ channels are calculated using the multistep
theory, and those in the remaining j channels are either
calculated by the Weisskopf-Ewing theory or taken from
experimental data.
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& Hermsdorf et al

. 3 =150°
En = 14 MeV

[y
=]
i

59Ca (p,nx)
® Grimes et al

u
T

T

Differential cross-section inmb/sr/MeV

ot
in
T

Y {p,nx)
o Grimes et al

9=135°
Ep = 14,8 MeV

0.1 1 1 i 1 ! o1 1 1 1
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Fig.3. Differential cross-sections for the #9Y(p,zn),
9Co(p, zn) and *°Co(n, zn) reactions compared with mul-
tistep compound calculations. In the case of 3°Co(n, zn)
the difference between the data of Salnikov et al and that
of Hermsdorf et al makes reliable comparison impossible.
In the case of the 8Y(p, zn) reaction, neutrons from the
(p, pn) reaction contribute to the measured cross-section
at outgoing proton energies below that indicated by the
arrow; these were not included in the calculation.

Several improvements have recently been made to the
FKK theory (Hodgson and Chadwick, 1988; Chadwick,
Bonetti and Hodgson, 1988), in particular the inclusion
of the distinction between neutrons and protons in the
intra-nucleus cascade. The wavefunctions of the inter-
acting nucleons that appear in the transition matrix ele-
ments are calculated as eigenfunctions of a harmonic os-
cillator potential for the bound nucleons and from an opti-
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cal model potential for the free nucleons. Also included is
the restriction of excitons to bound states, which modifies
the Williams formula. Thus for multistep compound pro-
cesses the particles above the Fermi sea are restricted to
energies less than their binding energy in the nucleus, and
holes are restricted to energies greater than the depth of
the potential. Some calculations made with the improved
theory are compared with experimental data in figs.3 and
k.

There is considerable uncertainty concerning the com-
parison between theory and experiment for the more en-
ergetic emitted particles. There are sometimes significant
differences between different sets of experimental data,
and as long as these persist it is impossible to make a

50 .
(n,2n}+(n,pn}
.
- 9INDb (n,nx)
e Salnikov
10 a  Hermsdorf
r 8 =150°

En =14 MeV

Differential cross-section in mb/sr/MeV
[V}
{

0 2 4 6 8 10 12
Qutgoing proton energy in MeV

Fig. 4 Differential cross-section for the %3Nb(n,nz)
reaction compared with multistep compound calculations.
The theory and experiment agree well for outgoing ener-
gies between 4 and 6 MeV but at higher energies the data
are discrepant. Below 3.5 MeV the data includes contri-
butions from the (n,2n) and (n, pn) reactions, which are
not included in the calculation.

reliable test of theories (see Fig.3). There is an apprecia-
ble contribution to the cross-section in this energy region
from collective excitations, which may be treated more ex-
actly by the coupled-channels formalism. Probably more
important, in most cases, is the uncertainty due to the
limitations of the expression used for the exciton level
density. Detailed microscopic calculations by Reffo et al*?
taking into account the difference between neutron and
proton cross-sections, and properly including the energies
of particles and holes, show that the Williams formula is
inadequate for the higher emission energies.

Much of the difficulty in interpreting the high energy
end of the neutron spectra is associated with the rather
poor energy resolution attainable. Bahm and Jahn®® have
pointed out the usefulness of analysing the corresponding
proton emission spectra, which can be measured much
more accurately. It is then possible to make a much more
searching test of the various pre-equilibrium models.

The Multistep Direct Theory.

At higher energies it is increasingly likely that through
out the reaction there is always at least one particle in the
continuum. As before it is convenient to consider the re-
action as taking place in a number of stages. The total
emission cross-section is the sum of emissions in all stages,
and may be written

d’o _ d’o 4o
dflde - dﬂdeonestep + deemultistep ’

(3.14)

We now introduce the cross-section for a transition from
the (N — 1)-th to the N-th stage and denote it by

Wy N-1(kn, kn—1)
dQdde ’

Wy N1 =

(3.15)

where kv is the particle momentum at the N-th stage.
If now we assume that retrograde processes are neg-
ligible, then the total multistep cross-section becomes

N+1
Smultistep = ZSN = Z Z WMNWN,N—I---W2ISI
N N M=N-1
(3.16)
At each stage we must integrate over all angles and mo-
menta, so that the full expression for the multistep cross-
section is

Loy > Ni‘ / dk; [ dk, dky
dUdeultistep h N M=N-1 (27(')3 (27(')3 o (27(')3
dEWun(ks, kn) Wy v_1(kn, kn_1)
dUsdSd g dUNdSAN
d2W2,1(k2,k1) dzaif
. dU2 dQ2 dUl onnestep '
(3.17)
The transition matrix element
&IWnN_1(kn,kn-1) 2
T = 2m*p(kn)pN(U)
< low,n—1(kn, kn-1)|* >,
(3.18)

where p(kn) = mk/(2r)*h® is the density of particle
states in the continuum, pn(U) the level density of the
residual nucleus at excitation energy U and vy n_; is
the matrix element describing the transition from a state
N — 1 to a state N when the particle in the continuum
changes its momentum from ky_; to ky. This matrix
element 1s given by the DWBA expression

van(ki kf) = / X <AVl > xPdr,  (3.19)

where V(r) is the effective interaction for the transition,
xf,_) and x§+) the incoming and outgoing distorted waves
and ; and ¢ and initial and final nuclear states. To in-
clude all the transition strength, the spectroscopic factors
are always taken to be unity.

In the expression (3.18) for the transition matrix ele-
ment, the angular brackets indicate an appropriate aver-
aging procedure. When the transition probability is aver-
aged over many final states, the interference terms cancel
and the orbital angular momenta contribute incoherently,
so that the averaged value of the squared matrix element
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becomes

< o(ki,kp)* >= Y < lor(ki. kp)l* > ST,
L
is the spin distribution function of the residual

(3.20)

where SV
nucleus.

Similarly, the averaged single-step cross-section is
given by

dzo'lf

L
—_— E oS(U — ),
dU ds 2singles'.ep L 2 ( ) <dQL >

To evaluate this cross-section the angular distribu-
tions for each value of the transferred angular momentum
are calculated by the distorted wave theory for particular
ejectile energies and all possible particle-hole pairs formed
by scattering between a particle in the continuum and a
bound nucleon. The average of these cross-sections gives
the last term in (3.21). A Yukawa potential with range
1 fm is usually taken for the residual interaction V(r),
and standard expressions are used for the state density
and its spin distrtibution. The multistep cross-section is
calculated in essentially the same way. Many multistep
direct calculations have now been made in this way, and
the results are in satisfactory overall agreement with the
experimental date (Avaldi et al**; Bonetti et al*”; Holleret
aPl: Mordhost et al’?; Marcinkowski®?).

The Theory of Tamura

The cross-section of a nuclear reaction at high ener-
gies is the energy average of the sum of the cross-sections
for exciting many complicated eigenstates, and statistical
arguments can be used to justify approximating this by
a sum of cross-sections to a much smaller number of sim-
pler model states. For one-step transitions, Tamura and
his colleagues use an expression of the form

2oV (E,) daB)(EB)
TdEydQ ZC (B2)—Ca,

(3.21)

(3.22)

where Ez = E, — QP — E;, E, and E; being the inci-
dent and exit channel energies and QP the Q-value for
transitions from the ground state of the nucleus A to the
ground state of the nucleus B. For two-step transitions

d20(2)(Eb) /Ec_Qc
_— = Cp(Ez")Cc(Ex)
dEAdQ[, E, (QB QC’)
©)
————(E”’E )\ g,
s,
(3.23)
where E, = E, + Q% — Q€ — E, and do')’/dQ, and

(2) o/dSy are the first and second order DWBA cross-
sectxons The statistical assumption justifies neglecting

the interference terms between amplitudes to different’

states B and C as well as between the one-step and two-
step amplitudes. The coefficient Cg(E;) is the probabil-
ity per unit energy that there is a state B at excitation
E,.

These expressions may be further simplified by re-
moving the dependence on B and C of the elementary
cross-sections. This reduces the above expressions to

d*a V) (Es, Qg)

dE,d (3.24)

do') (Ey, Qy)
- Z]:pJ(E’?) de

d*a D (Es, Qr) _ Z

!
dEbde dEcPJ'l(EI)PJZ(EI)

J1J2

Z 1112 J(E[’ECaQ[)

0 S,

(3.25)
where pj(E;) = ZB Cg(E.)(d34)? is the spectroscopic
density, and dZ4 is the spectroscopic amplitude and J =
{€,;} is the set of orbital, spin and total transferred an-
gular momenta.

The early calculations assumed angular momentum
independent form factors and a simple model for p(E,).

This theory has been used by Tamura et al*? to anal-
yse several (p,p’) and (p, @) cross-sections at 62 MeV and
(n,n') and (p, n) data at lower energy, with generally sat-
isfactory results, apart from some difficulties with the ab-
solute magnitude of the cross-sections that may be at-
tributed to the assumption that the form factors are in-
dependent of the angular momentum®®. In several cases,
such as for the (p, «) reaction at 34.6 and 44.3 MeV and
the (n, p) reaction at 26 MeV, the cross-section can be ad-
equately fitted by combining the single-step direct cross-
section with the compound nucleus contribution®s.

General Comments

The quantum-mechanical theories of pre-equilibrium
reactions enable both the multistep compound and mul-
tistep direct contributions to be calculated. For medium
weight nuclei the multistep compound process dominates
at around 15 MeV and as the energy increases the multi-
step direct becomes increasingly important until by about
25 MeV it is the dominant process. There are however
some forward-peaked angular distributions for reactions
on heavier nuclei around 11-14 MeV that indicate the
presence of substantial direct components even at such
comparatively low energies.

Sufficient analyses have now been made at 14 MeV to
enable the cross-sections of multistep compound reactions
on medium weight nuclei to be calculated with some confi-
dence, the main uncertainty being in the absolute magni-
tude due to uncertainties in the level density parameters.
However for the dominant (n,n') reaction the magnitude
of the cross-section is limited by the known total cross-
section, so this uncertainty is not so important.

At higher energies, where the direct processes domi-
nate, the theories are able to give the angular distributions
of the cross-sections quite well, but there are still consid-
erable difficulties in predicting their absolute magnitudes.

4. Computer Programs

Many computer programs have been written to carry
out numerical calculations with the theories described in
the previous two sections, and they have been applied
extensively to analyse experimental data.

It is essential that any computer program be checked
most carefully to ensure that it accurately calculates what
it is supposed to calculate. Many programs are now be-
ing tested under the auspices of the Nuclear Data Bank
in Paris, and the results are in course of publication. It is
only after the correctness of a program has been verified
that it is useful to compare its predictions with experi-
mental data.

A very thorough intercomparison of computer pro-
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grams for pre-equilibrium calculations was made by Grup-
pelaar and Nagel®® and more recently by Vonach®”. The
programs examined are listed in Table 4.1. The programs
are divided into three classes: A: Hauser-Feshbach with
precompound and unified models; B: Excitation Model,
and C: Geometry-dependent Hybrid Model. Those in the
first class A incorporate angular momentum conservation
and can give cross-sections to discrete final states but are
time-consuming to run. Most of them give the energy-
and angle-integrated cross-section, the angle-integrated
particle spectra, multiparticle emission and gamma-ray
cascades. Those in class B do not include explicit angu-
lar momentum conservation and are simple and fast, and
they often treat the pre-equilibrium aspects in a more so-
phisticated way than Class A programs. Those in Class C
have energy-dependent transition rates that refer to the
individual particle, rather than the nucleus as a whole,
and they also include surface effects.

TABLE 4.1

A: HF + B: Exciton Model C: Geometry-dependent

Precompound Hybrid Model

STAPRE PREM (TOH) ALICE (LLL)

GNASH PRECO-D2 (TNL) SECDIST (KfK)

HAUSER V PREANGI (TRM) EMPIRE

PERINNI PRANG (ECN)

TNG (DRL) PEQGM (SLO)

EMPIRE AMPRE (TUD)

In the comparison of Gruppelaar and Nagel the cross-
sections of the (n,n'), (n,2n), (n,p) and (n, @) reactions
at 10, 14.6, 20 and 25.7 MeV calculated with each of
these programs were tabulated. With a few exceptions,
the cross-sections of the dominant (n,n') and (n,2n) re-
actions were consistent to about £5%, whereas those of
the much smaller (n,p) and (n, a) reactions showed much
larger differences, that mainly reflect important differ-
ences between the various models of the reaction. These
are discussed in detail by Gruppelaar and Nagel, and a
summary of the main conclusions may be found in Grup-
pelaar, Nagel and Hodgson®8.

The choice of program depends on the type of exper-
imental data to be analysed. If these are angle-integrated
total emission spectra, the exciton and geometry-
dependent hybrid models are the most suitable. If angu-
lar distributions are also available, it is possible to distin-
guish between the multistep compound and multistep di-
rect contributions to the cross-section, and the programs
GNASH, PRECO-D2, TNG, PRANG, ALICE (LLL) and
AMPARE may be used. In their review Gruppelaar and
Nagel compare the angular distributions calculated with
all these programs. It is generally found, however, that
these programs have difficulty in fitting the angular dis-
tributions in the backward direction, due to the semi-
classical nature of the theories they use. This can be
corrected by the introduction of empirical factors.

The programs for the quantum-mechanical calcula-
tions are not yet generally available.

In addition to the intercomparison carried out by
Gruppelaar and Nagel, that was concerned principally
with comparing different theories, there have been other
comparisons concerned with establishing the comparative
accuracy of different programs using the same formalism.
These are listed in Table 4.2°°,

5. Conclusions

In the last few years there has been an extensive de-
velopment of theories of pre-equilibrium reactions, and
many computer programs have been written to enable the
cross-sections to be calculated.

The semi-classical models are now reaching the stage
that they successfully describe and predict the double-
differential cross-sections of continuum emission for most
technological applications. However, existing experimen-
tal information, e.g. the extensive set of 14.5 MeV data,
has been used to tune parameters and to add or neglect
certain effects. Recently, the relations between EM and
GDH have been clarified (see Akkermans®®; Bisplinghoff!?)
The success of the GDH model in describing the high-
energy tail of the spectrum could be a reason to adopt
similar effects also in the exciton model (Kalbach®!). An

TABLE 4.2

Computer Code Intercomparisons
Author
Prince et al, 1983
Sartori, 1984
Hodgson and Sartori, 1986
Gruppelaar et al, 1986
Hodgson and Sartori

(in progress)

Nuclear Theory

Statistical Model
Coupled-Channels
Optical Model
Pre-Equilibrium
Weisskopf-Ewing and
Hauser-Feshbach

important field of further study is the introduction of
angular-momentum conservation in the model and the im-
provement of particle-hole level density expressions. An-
gular distributions are reasonably well described by some
of the recent models.

The QM theories have now been developed to the
stage when it is possible to calculate unknown cross-
sections with some confidence. They are being extensively
tested and extended to a wider-range of reactions.

The quantum-mechanical theories now make possible
an overall survey of the magnitudes of the MSC and MSD
processes as a function of energy for a range of nuclei, to-
gether with the relative importance of one-step and mul-
tistep processes. This information is helpful in deciding
which theory to apply to a particular data set. It is likely
that in many applications below 20 MeV one could use
MSC and only one-step direct continuum theory (Tamura
et al*®). For (n,2n) and (n,np) reactions probably only
MSC is required (Herman et al*®).

Relations between semi-classical and QM models.

The quantum-mechanical theories grew out of the
semi-classical theories and remain strongly influenced by
them, and there is a corresponding influence back onto the
semi-classical theories. Thus the distinction between the
MSC and MSD first made by FKK led to the successful
phenomenological parametrization of the angular distri-
butions of these two processes by Kalbach and Mann?®.
At present one could make a further step by checking
and subsequently improving the MSC component angu-
lar distributions after studying the results from MSC cal-
culations. This applies to all three semi-classical meth-
ods mentioned before. It sometimes happens that the
quantum-mechanical calculations suggest simplifications
in the semi-classical theories by showing that some quan-
tity is practically independent of a particular variable.
For example, the work of Herman et al*8 showed that the
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escape and damping widths are practically independent
of J, and this enables the calculation of the 77/~ and W=
to be greatly simplified without appreciable loss of accu-
racy (Gruppelaar and Akkermans??). Furthermore, the
weak n-dependence of the damping widths could be used
to check the various ways in which A+ are evaluated in

the EM and GDH models.

Applicability and predictive power.

The theories differ appreciably in their flexibility, in
several different respects. The semi-classical theories have
been applied to a much wider range of reactions than
the quantum-mechanical theories, in particular to those
initiated by complex particles and those leading to the
emission of many particles. By contrast, the quantum-
mechanical theories have so far been confined to nucleon
interactions with not more than two emergent particles.
In the next few years the quantum-mechanical theories
will certainly be applied to a wider range of reactions,
but at present the semi-classical theories are the only ones
that can be used for a wide range of reactions.

The semi-classicall theories are also more flexible in
that they have more model parameters than the quantum-
mechanical theories. Here one must distinguish between
parameters that are special to the particular theory and
those that are fixed by some ezternel constraint. There is
a further distinction that is important for the predictive
power of these theories: reliable global optical potentials
are now available for nucleons os that the cross-sections
can be calculated from them for any nucleons with good
accuracy. It is, of course, possible to improve the ac-
curacy in particular cases by further parameter adjust-
ment, but in general the increased accuracy does not out-
weigh the lower predictive power. The particle-hole level
density parameters, on the other hand, cannot be rep-
resented with sufficient accuracy by global formulae and
only the total level density could be fitted to the experi-
mental data for each nucleus. Therefore, there is a strong
need to obtain reliable expressions for these particle-hole
level densities, in particular for the llowest stages. These
considerations apply both to the semi-classical and to the
quantum-mechanical theories.

If all that is required is a fit to a particular data set,
this can be achieved by both the semi-classical and the
quantum-mechanical theories for the energy distributions
of the emerging particles. The semi-classical calculation
may require some adjustment of a speciel parameter, and
both types are subject to the above remarks about ez-
ternal parameters, particularly those relating to particle-
hole level densities. In practice the range of applicability
of the semi-classical models is often well known and it is
not necessary to adjust special model parameters in each

computation.

With respect to angular distributions the quantum-
mechanical effects may be more important. The most
recent descriptions in EM and GDH are based upon the
scattering in infinite nuclear matter with quasi-classical
descriptions of refraction and/or finite-size effects. Con-
ceptually the QM theories are, of course, superior. In
particular, there are difficulties in the description of back-
angle cross-sections with the semi-classical theories, that
do not exist in QM theories. This was illustrated re-
cently by Holler et aP! in comparison with semi-classical
and quantum-mechanical pre-equilibrium calculations for
85Cu(p,zn) at 26.7 MeV. The GDH model of Blann and
Vonach®? gives a good overall fit to the energy distribu-
tion of the emitted neutrons, but is unable to fit the angu-
lar distribution in the very forward and backward direc-
tions. The back angle discrepancy persists when refrac-
tion and finite-size effects are included in the calculations.
Quantum-mechanical calculations with the FKK theory
are, however, able to fit the data over the whole angular
range, showing that they are able to evaluate interference
effects that are beyond the scope of the semi-classical the-
ories.

The theories of pre-equilibrium reactions are now in a
stage of complex and fruitful development. Within their
more limited domain, the quantum-mechanical theories
give a truer account of the underlying physics and enable
the cross-sections and angular distributions to be calcu-
lated with some accuracy and confidence. Extension to
other reactions will certainly be made, but at the expense
of still greater computational complexity.

The semi-classical theories are conceptually simpler,
more flexible and the corresponding computer programs
are generally much faster. One may imagine that EM and
QM could be used in a complementary way: EM for fast
global computations supplemented by QM when greater
detail and accuracy is required. Further improvements
will certainly be made as these theories are critically com-
pared with each other, and as simplifying assumptions
validated by the quantum-mechanical theories are incor-
porated into their structures.

At the same time as the formalisms are developed and
improved, the accurate of prediction will be improved as
extensive analyses of new and more accurate data yield
better values of the parameters of the theories. This in
turn should stimulate theoretical work on more funda-
mental lways of understanding and determining these pa-
rameters, with the consequent development of more accu-
rate and reliable global prescriptions.

I am grateful to Dr H. Gruppelaar, Dr P. Nagel and

Mr M.B. Chadwick for kindly permitting me to include
in this review some sections from our joint papers®:°8,
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